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£^ | Abstract 

The Penrose-Fife system for phase transitions is addressed. Dirichlet boundary conditions for 
the temperature are assumed. Existence of global and exponential attractors is proved. Differ- 
ently from preceding contributions, here the energy balance equation is both singular at and 
degenerate at 00. For this reason, the dissipativity of the associated dynamical process is not 
trivial and has to be proved rather carefully. 
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1 Introduction 

We consider here the thermodynamically consistent model for phase transitions proposed by Penrose 
and Fife in [TTJ HH] and represented by the equations 

d t + X(X) t + div (m(tf)V^) = g, (1.1) 



> 

in 

Si Xt -AX + W'(X) = \'(X)(-± + ± c ). (1.2) 

The system above is settled in a smooth, bounded domain fl C K 3 , with boundary T. The unknowns 
are the absolute temperature $ > and the order parameter X. The smooth functions A', m and 
W represent the latent heat, the thermal conductivity, and the potential associated to the local 
phase configuration, respectively, and i? c > is a critical temperature. Finally, g is a volumic heat 
source. On the basis of physical considerations, the kinetic equation (|1.2p is complemented, as usual, 
with no-flux (i.e., homogeneous Neumann) boundary conditions; instead, various types of meaningful 
boundary conditions can be associated with the energy balance equation (11. ip . We shall consider here 
the Dirichlet boundary conditions. 

As far as well-posedness is concerned, system (ll.l[) - (|1.2l) has been studied in a number of 
recent works, among which we quote [H [5J [TJ [TTJ [TH [TB, 29J, under various assumptions on the data. 
The papers listed above also contain a much more comprehensive bibliography. Just a rapid survey of 
the literature suggests that, indeed, the choice of the boundary conditions for 1? can give rise to several 
different mathematical situations. In particular, the Dirichlet and Robin conditions seem easier to 
treat than the Neumann ones (cf., e.g., [H QT] for further comments), due to correspondingly higher 
coercivity. Another important factor is the expression of the thermal conductivity m. Meaningful 
choices are given by (cf. [5] for further comments) 

m(r) ~ m r + m^r 2 , m , G [0, 00). (1.3) 

In particular, mo = 0, moo > represents the Fourier heat conduction law, which appears to be the 
most difficult situation p~5] since equation (jl.ip . which is now linear in is coupled with the singular 
relation (|1.2[) . Instead, in the case mo > 0, m^ = 0, the well-posedness issue is simpler (cf. [Til 129] ); 
however, there is a lack of coercivity for large which creates difficulties in the long-time analysis. 
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Finally, the probably simplest situation is that proposed in [5] (see also [1]), i.e., mo, moo > 0, since 
(jl.ip maintains both the singular character at and the coercivity at oo. 

In view of these considerations, it is not surprising that the long time behavior of (|1.1|) - (|1.2|) 
is better understood when mo, moo > 0, and in this case the existence of the global attractor has been 
shown in [551 [33] • Indeed, testing (|l.ip by # one readily gets a dissipative estimate for the temperature, 
which permits to construct a uniformly absorbing set and, consequently, the global attractor. Similar 
results are also obtained in [12j[T3], where it is actually taken moo = 0, but a term /iool?, with ^oo > 0, 
is added on the left hand side of (jl.ip . so that the system is still coercive in ■d. 

Speaking of the non-coercive case moo =0, up to our knowledge the only papers devoted to 
the large-times analysis of it are [57] (see also [5S] for the conserved case) and [TU]- In [57J, the case 
of homogeneous Neumann conditions for both unknowns is addressed in one space dimension, and 
existence of a global attractor is shown in a proper phase space which takes into account the conser- 
vation (or dissipation) properties coming from the no- flux conditions. In [10j . the (non- homogeneous) 
Dirichlet case is considered in three space dimensions and w-limits of single trajectories are studied. 
It is worth remarking that in both papers the external source g is taken equal to 0. 

In the present work, we provide a further contribution to the analysis of the noncoercive case. 
Precisely, we assume mo > 0, moo = 0, and take Dirichlet boundary conditions for ■& exactly as in [TU] , 
For the resulting problem, we show existence of both global and exponential attractors. Comparing 
with [10j . where the behavior of a single trajectory is investigated, here the proofs are very different 
and in several points more difficult. Indeed, determining attractors means to understand the behavior 
of bundles of trajectories, so that we need to find estimates which are uniform not only in time, but also 
with respect to initial data varying in a bounded set. We then try to minimize technicalities by making 
some restrictions on data. Namely, we take a constant latent heat (i.e., set A(X) = X), set m(r) = 1 
(i.e., mo = 1, moo = 0), let the critical temperature $ c be equal to 1, and correspondingly assume 
the Dirichlet condition d = 1 on the boundary. Actually, all these assumptions could by avoided 
by paying the price of some additional computations in the proofs. More restrictive is, instead, the 
assumption g = 0, which we take exactly as it was done in [THl [57J. We then end up with the system 



Being g = 0, (| 1 .4[) — (II . 5|) admits a Liapounov functional (and consequently a dissipation integral), 
and this information will be crucial to overcome the lack of coercivity in Actually, the global 
attractor will be constructed by proving uniform boundedness and asymptotic compactness of single 
trajectories and taking advantage of the dissipation property. Although this procedure might seem 
straighforward, the proof presents a number of difficulties. First of all, we have to settle the problem 
in a phase space X (cf. (|2.13|) below) where both i? and X are bounded in sufficiently strong norms. 
The conditions we require on the initial data are in fact more restrictive than what is necessary, e.g., 
for the mere well-posedness. In particular, we cannot deal with completely general potentials W. 
Namely, we are forced to assume W be a smooth function defined on the whole real line (like, e.g., the 
double well potential W(r) = (r 2 — l) 2 ), and, for instance, we cannot treat the singular potentials, 
i.e., those being identically +oo outside a bounded interval, like the so-called logarithmic potential 
W(r) = (r+1) log(?'+l) + (l — r) log(l — r) — Xr 2 , where A > 0. Moreover, we note that, in analogy with 
the coercive case moo > studied in [55], X does not have a Banach structure, due to the nonlinear 
terms in the energy, but it is just a metric space. In this setting, the key point of our argument is the 
proof of a uniform time regularization property for the solutions, which, in our opinion, can constitute 
an interesting issue by itself. Namely, we can show that both z? and u = fl^ 1 arc uniformly bounded 
for sufficiently large times, whereas this need not hold for the initial temperature $o- Thus, (|1.4p 
eventually loses both the singular and the degenerate character. 

A further open problem to which we give a positive answer is the existence of exponential 
attractors for the system (|1.4|) - (|1.5|) . This is shown by using the so-called method of ^-trajectories 
(cf. [IHl [IHl HOI [51] ) • However, we cannot prove exponential attraction in the metric of X (that keeps, 
in some way, a trace of the nonlinear terms), but are forced to work with a weaker norm, corresponding 
in fact to the only contractive estimate which seems to hold for system (|1.4p - (|1.5p . 




(1.4) 



X t - AX + W'{X) 




(1.5) 
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The rest of this paper is organized as follows. In the next Section^ we present our hypotheses 
and state our main results. The proofs are collected in Section [3] 

Acknowledgment. We express our gratitude to Elisabetta Rocca and Riccarda Rossi for fruitful 
discussions on the subject of this work. 



2 Notation and main results 

Let fl C R 3 be a smooth bounded domain with boundary T. Let us set H := L 2 (Vl) and denote by 
(•, •) both the scalar product in H and that in H x H, and by || • || the induced norm. The symbol 
| • \\x indicates the norm in the generic Banach space X. Next, we set V :— 1 (£1) , Vq :— Hq(CI), 
and define 



A-.Vo^Vj, (Av, z) := / V« • Vz, Vv,zeV , (2.1) 

Jn 

B:V^V, (Bv,z):=[ (vz + \7v-Vz), Vv,z£V 7 (2.2) 

Jn 

(•, -}o and (■, •) denoting the duality pairings between Vq and V ' = iJ -1 (fi) and between V and V , 
respectively. It turns out that A and B are the Riesz operators associated to the standard norms in 
Vq and V, respectively. 

Our hypotheses on the potential W are the following: 

lf6C 2 (R;l), W'(0) = 0, lim W\r)r = +oo, (2.3) 

r—*oo 

3A>0: W"(r) > -A Vr E R. (2.4) 

In particular, by the latter assumption, (3{r) := W' (r)+Xr is increasingly monotone. Next, considering 
B, with a small abuse of notation, as a strictly positive unbounded linear operator on H with domain 
D{B) — {v G H 2 (fl) : d n v = on dil}, we can take real powers of B and set V2 S '■= D(B S ), 
endowed with the graph norm \\v\\ s '■= ||-B S ^||- Note that Vi = V. The variational formulation of 
system ()1.4)) — ()1.5|) takes then the form 

0t+X t +A(l-^) =0, in 7 ', (2.5) 

Xt +BX + W'(X) = 1 - -, in V' (2.6) 

(in order to get the Riesz map B, X has been added and subtracted from the left hand side, and — X 
has been included in W 1 ). Next, we define the associated energy functional as: 

£ = £(d, X):= J (tf-logtf + i|X| 2 + i|VX| 2 + W r (X)). (2.7) 

We immediately observe that £ is finite and bounded from below on the "energy space" 

X £ := {(i?,X) : d G L\Q), i9 > a.e. in fi, logi9 € L 1 (fi), X £ V W(X) G L x (0)}. (2.8) 

Nevertheless, due to the lack of coercivity (and consequently of compactness) in d (the finiteness of 
energy only implies that $ G L 1 (fi)), no existence result is known, up to our knowledge, for data lying 
just in Xg- Namely, noting as Problem (P) the coupling of (|2.5|) - (|2.6|) (intended to hold for a.e. value 
of time in (0, oo)) with the initial condition 

0|t=o = X|t=o = X 0> a - e - in fi > ( 2 - 9 ) 
we have the following result, proved in [TUJ Thm. 2.1] (see also [TTJ Prop. 2.1]): 
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Theorem 2.1. Let hold and let (i? ,^o) G <*£■ L et, in addition i? £ for some 

p > 6/5. Then, there exists one and only one couple X) solving Problem (P) and such that 

•d 6 ff^CTjif- 1 ^)) n-L°°(0,T;I7(n)), i?>0 a.e. in fi x (0,T), (2.10) 
(1-1/t?) eL 2 (0,r;l/„), (2.11) 
X G ff 1 (0,T;F)nC o ([0,T];y) nL 2 (0,T;/r 2 (fi)), (2.12) 

hold for ah T > 0. Such a couple will be called a "solution" in the sequel. 

Since we need to control uniformly in time the "large values" of the temperature, we have to 
ask a bit more summability on #q and a bit more regularity on Xq. Correspondingly, we will also get 
some more regularity than (I2.10[) (|2.12|) . Namely, we set 

X := {(i?,X) G X £ : <& G L p {n), X G Va±«}, (2.13) 

where we assume that 

££(0,1), p>3. (2.14) 

Actually, we need e > in order to ensure that X stays in L°° (f2) , while the higher summability of $0 
seems necessary to get a uniform in time estimate for $(t). 

We remark that the set X, which of course has no linear structure, can be endowed with a 
complete metric which makes it a suitable phase space for the associated dynamical process. As in 
[22] (see also [24l [26]), we can take 

d*((0i,Xi),(0 2) X2)) := \\#i-MLP(n) + \\Xi-X 2 \\sp 

+ || log- X - log- i?2|U M n) + \\P(Xi) ~ P(X2)\\mn), (2.15) 

where (•)" denotes negative part (notice, however, that the latter term could be omitted since it is 
dominated by the second one due to (|2.3p and the continuous embedding V3+, C L°°(0)). Corre- 
spondingly, we take initial data such that 

(0 o ,X o )eX. (2.16) 

In the sequel, we will denote by S(t) the semigroup operator associating to ($0, Xq) the corresponding 
solution evaluated at time t. The proof that S(-) fulfills the usual properties of a continuous semigroup 
on X is more or less standard and can be carried out along the lines, e.g., of J53[ Sec. 4], Hence, we omit 
the details. Instead, we focus on regularization properties of S(t). The key step of our investigation 
is the following 

Theorem 2.2. Let ([23] ) -([2^4] ) . (|2~T4"]) hold and let B be a set of initial data bounded in X. More 
precisely, let Do stand for the dx -radius of the set, namely 

D :- sup d*((<?o,X ),(l,0)). ( 2 -17) 

(■&o,xa)eB 

Then, letting (^OjXo) £ B and (i?(t), X(t)) := 5(t)(i9o)^o)> there exist a time Too > and a constant 
Qoo depending only on Do, such that, for ah t > Too, there holds 

l|0(«)lkn£-(n) + H^^OIIvni-cn) < Qoo, (2.18) 
l|X(t)Hfl*(n) < Qoo- (2.19) 

Remark 2.3. Suitably modifying the proofs, one could show that any strictly positive time could be 
taken as Too. We omit the proof of this fact since it would involve further technical complications. We 
just notice that the quantity Qoo in ()2.18p - (|2.19|) would then depend on Too and explode as Too \ 0. 

Notice that the bounds ([2~T8| - ([2~19| are somehow weaker than a true dissipative estimate. 
Nevertheless, they will suffice for the proof of our main result (for the definition of the global attractor 
we refer to the monograpgh [3D]): 
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Theorem 2.4. Let the assumptions of Theorem l2.2l hold. Then, the semigroup S(-) associated with 
Problem (P) admits the global attractor A, which is compact in X. More precisely, 

3c_4 > : ||$|| yni°°(0) + ||0 _1 ||vnL~(n) + ||X||ff» ( n) < c a V(tf,X)eA (2.20) 

Finally, we can prove existence of an exponential attractor: 

Theorem 2.5. Let the assumptions of Theorem 12.21 hold. Then, the semigroup S(-) associated with 
Problem (P) admits an exponential attractor Ai. More precisely, M. is a compact set of X, which has 
hnite fractal dimension in V ' x H , such that for any bounded set B C X there holds 

dist(S(t)B,M) <Q(B )e- Kt , Vt > 0, (2.21) 

wiiere dist represents the unilateral Hausdorff distance of sets with respect to the (product) norm in 
Vq X H, k > is independent of B, Q is a monotone function, and Bo JS the X-radius of B given 
by&M- 

Remark 2.6. As noted in the Introduction, we use the (rather weak) topology of V ' x H since it 
seems difficult to prove a contractive estimate in a better norm. Further comments will be given at 
the end of the proof (cf. Remark 13.61 below). 



3 Proofs 



In what follows, the symbols c, k, and Ci, i > 0, will denote positive constants depending on W, fi, and 
independent of the initial datum and of time. The values of c and n are allowed to vary even within 
the same line. Moreover, Q : R + — » R + denotes a generic monotone function. Capital letters like C 
or Ci will be used to indicate constant which have other dependencies (in most cases, on the initial 
datum). Finally, the symbol cn will denote some embedding constants depending only on the set Q. 



Proof of Theorem 12.21 The basic idea to prove the uniform bounds (|2.18|1 — (|2.19|) is to combine an 
estimate in a small interval [0,To], where Tq depends on Do, with a further uniform estimate holding 
on [To,oo). This procedure requires a number of steps, which are carried out below. Notice that 
some parts of the procedure might have a formal character in the present regularity setting (e.g., test 
functions could be not regular enough). However, all the procedure could be standardly made rigorous 
by working on some approximation and then passing to the limit (notice that the solution is known 
to be unique). We omit the details of this straighforward argument, for brevity. 



First estimate. We start by deriving the energy estimate. Testing 



by 1 — !/■!?, we have 



- / (tf-logtf) 



1 2 



X f A- - 



(3.1) 



Next, multiplying 



by Xt, we obtain 



dt J n \2 ] 



i|vx| 



W(X) 



whence, summing (|3.1|l and (13. 2j) and recalling (12. 7|) . 



(3.2) 



dt 



1 - 



v„ 



+ \\X t 



0. 



In particular, integrating from to an arbitrary t > we have 



(3.3) 



£{t) 



1 



\\Xt\\ 2 ) <£(0)<Q(Po) 



(3.4) 



Second estimate. We test (|2.6|) by 2B 2 X t . Thanks to e < 1 and using Poincare's and Young's 
inequalities, we obtain 



-I 

di 



HXtllL, 



< c 



i-\-w'{x) 



1 


1 


2 


< Ci 

1+e — 1 
2 




Vo 



c\\W'(X)\\ v . 



(3.5) 
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Then, we note that, by (|2.3p and the continuous embedding C L°°(fi), 

\\w'{x)\\ 2 v = \\w\x)\\ 2 + / |w^"(x)vx| 2 < (i + ||Vx|| 2 )Q(||x||£. (n) ) < QdMlli,). (3.6) 



Next, let us compute (|3.5p plus ci x (|3.3p . Using also (13. 6|) . we arrive at 

d 



df 



[IIXHit. + a£] + HXtllit. < Q(||X|||±.). (3.7) 



Thus, noting as $ the quantity in square brackets on the left hand side, and using the comparison 
principle for ODE's, it follows that there exists a time Tq > 0, depending on Do in a monotonically 
decreasing way, such that 

||¥|U~(o,ib) < Q(Po), (3-8) 
whence, integrating (|3.7|l in time over (0, T ), and recalling (|3.4j) . 



IIXll / \ + llXtH ,/ s < Q(D ). (3.9) 

1 M L°°(Q,T D ;V 3^ € ) 11 tn L 2 [0,T ;Vi+,) ~ 

In particular, by the continuous embedding Vi+» C L 3 (J7), we have 

\\Xt\\ma,To;L*(a)) <Q(Po). (3.10) 

Third estimate. Let us note that, since z? solves (|2.5p . it is t9 > a.e. in f2 x (0, oo) and § = 1 
a.e. on r x (0, oo). Thus, we can test (|2.5j) by i9 p_1 — 1 (p given by (|2.14p ). which (at least in an 
approximation) lies in Vo for a.e. t G (0, oo). We then get 

and we estimate the right hand side as follows: 

(0P-1 _ l) Xt < ||X t || L 3 (n) ||^|| L6(n) ||^|| +c(l + ||X t || 2 ) 

<^ii^iiL(o)+ c ^ii^n^(o)ii^ir+<i+ii^ii 2 ) 



(7 || p-2 M 2 (T 



^ ^11 V ^ IP + - + Crf>l|Xt||£. (n) ll^lliP(a) + c(l + l|X t ||£. (n) ), (3-12) 

where c > denotes a "small" constant, independent of p, to be chosen at the end, and correspondingly 
c a > depends on the same quantities as the generic c and, additionally, on the final choice of a. In 
fact, passing from row to row, we allow a to "incorporate" embedding constants. We used here the 
continuous embedding V C L 6 (0) and the Young and Poincare inequalities. Although p is a fixed 
value (cf. (|2.14[l ). here and below we emphasize the dependence on p of the estimates, since they will 
be readily repeated with different exponents. 

Adding 2 x (|3.ip (where the term on the right hand side is split via Young's inequality) to (|3.1ip , 
multiplying the result by p, and taking a small enough, we then obtain 



df 



J [tf* + p{d - 2 log*)] + k\\ W 2 ^ f < cp + p 2 c 2 \\X t \\l 3(n) (1 + \\n P LP{n) ) (3.13) 



for some C2 > 0. Now, let us set 

m := c 2 \\X t \\ 2 La{n) , so that, by IIHUWo) < QW)- (3-14) 

Defining y as 1 plus the integral on the left hand side of (|3.13p . we then have 

^y + 4 Vd ^\\ 2 ^ cp+p 2 m(l + \W\\ p LP(n) ) < cp + p 2 my, (3.15) 
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whence, recalling (|3.10p and (|2.13p and using Gronwall's Lemma, 

\W\ i \ < QW>o)- 

1 n L=°(o : T ;LP(n)) - ^ V UJ 



(3.16) 



Fourth estimate. We test (|2.5[) by 2Mt/i9 2 ; next, we differentiate (|2.6[) in time and test the result 
by 2tX t . Taking the sum and noting that two terms cancel, we get 



XtV + t 













+ 2t f 






Jo. 



i) 2 



vi 2 





Then, integrating over (0,Tq) and using (|3.4p . we obtain 



|X £ (To)H + 



<Q(©o)(l + ^) <Q(B ); 



(3.17) 



(3.18) 



actually, (T ) 1 depends increasingly on B - 

Fifth estimate. Up to now, we got uniform bounds in the (small) time interval [0, To]. Our aim 
is now to get uniform estimates on [To,oo). First, we essentially repeat the previous estimate, but 
without the weight t. This gives, of course, 



+ 2 



<r 2 



2\\X t \\ 2 v <2X\\X t f, 



(3.19) 



whence, integrating over (To,t) for arbitrary t > To, 



**(*) 



0(t) 



+ 2 



To 



< ||x t (r )|r + 



(||(lo g? 9) t ( S )|| 2 + ||x t ( S )|^) ds 



+ 2A / ||X t (s)f ds<Q(D ) 

JTo 



(3.20) 



where we used (|3. 181) and (|3 .4[) to control the terms on the right hand side. 

Sixth estimate. We repeat the Third estimate restarting from To. Let us notice that, by (|3.14l) . 
(|3.20[) and the continuous embedding V C L 6 (fl), 



m = C2||X t || 2 j 3 (n) satisfies now M := \\m\\ L i^ ,oo) < Q(Po)- 
Thus, by the continuous embedding V C L 6 (il), (|3.15[) takes the form 



(3.21) 



^ + ^¥\\W-e ( a) <cp + p 2 my. 



Let us now notice that, thanks to p > 3, we can write 



0" 



L 3 p- 6 (0) 



< 



3p-S 1 3p-6 

l p (n)" L2 P -6(n) 



|OI — < Co | 



lz,3p-6(n)- 



Moreover, we have 



||tf||f-2 



- p-2 

(y-l-py (i?-21ogi?)) P >c^^ -pQ(Do). 



Thus, gives 

so that, for H := logy, 



— y + ny V < /mj; + pQ(D ), 



d 2W r „ , (p-2)k i „ 

— H + e ~[K-pQ(B )e ~ ] <p 2 m. 



(3.22) 



(3.23) 

(3.24) 

(3.25) 
(3.26) 
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Noting as £ the quantity in square brackets, an easy computation shows that 

£>0^W> -Ajlog(-Q(B )) =:C (3.27) 
Consequently, it is not difficult to obtain 

I|W||l-(t ,oo) < max{C,^(T )} + p 2 / m(s) ds, (3.28) 

Jo 

so that, being by (f3~27]) and $£W§ , 

exp(C) < P Q(Po), exp(H(T )) = y(T ) < pQ (Do), (3.29) 
and using (|3.2ip . we readily get 

\\m°° iTo ,oo;L*(m ^ l|y||L~(T .oo) <exp(max{C,W(T )})exp(p 2 M) 

<pQ(D )exp(p 2 M), (3.30) 

whence, clearly, 

H*IU-(To,ooiW(n)) < <3(D ). (3.31) 
Suitable time integrations of (|3.22p permit us collect what we have proved so far in a 

Lemma 3.1. Under the assumptions of Theorem 12.21 there exist a time To > and a quantity 
Qo > 0, both depending on D , such that, for all t > T > T , 

L(n) + 11^)11^%) ds < Qo, (3-32) 
t 

, II^( s )IIl3 P 2 - 6(0) ds < Qo + Qo{t ~ T). (3.33) 

Our next aim is to extend (|3.32p and (|3.33[) to any finite exponent. Namely, we have 

Lemma 3.2. Under the assumptions of Theorem l2.2[ for all q € [p, oo) there exist a time T q > and 
a quantity Q q > 0, both depending on Do and q, such that, for all t > T > T q , 

+ f + ¥{s)\\%l H n) ^ < Q q> (3.34) 

J ¥^)\\ q L^ { n) ds < Qi + QS - T )- ( 3 - 35 ) 

Proof. It suffices to iterate finitely many times the procedure in the Sixth Estimate. Namely, 
setting po := p, we observe that, by (|3.32p and interpolation, there follows 

sup \\d\\Ln(t,t+i;Ln(n)) < Q(Po), (3.36) 
tepb.oo) 

where we have set (for i = 1, at least in the meanwhile) 

5p%-i - 6 

Pi ■= 3 ■ (3-37) 

Note that p\ > po since p > 3. Then, we repeat the argument leading to J3.22[) . but with pi in place 
of p. This gives (for i = 1 and with obvious meaning of 3^) 

+ c||0||»^ 2 _ 8(n) < c Pl +p 2 i my i . (3.38) 

Noting that both m and X are summable on time intervals of finite length thanks to (|3.2ip and, 
respectively, Q3.36p , we can use the uniform Gronwall Lemma (cf., e.g., (3UJ Lemma III. 1.1]), that 
gives 

||0(t)||£ w( n) <y i (t) <g 4 (D ) Vt > Ti := Ti_i + 1, (3.39) 
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with obvious meaning of Q.;(Do). Thus, suitable integrations in time of (|3.38p give the analogue of 
(I3.32|) and (I3.33| with pi in place of q. To get (|3.34| and (I3.35|) . it then suffices to proceed by iteration 
on i until pi is larger than q. Notice that since a finite number of steps is sufficient, we do not have to 
take care of the dependence on i of the quantities Qi and Tj (both, in fact, would explode if infinite 
iterations were needed). The proof of the Lemma is concluded. I 

A similar property holds also for the inverse temperature: 

Lemma 3.3. Setting u := -d^ 1 , under the assumptions of Theorem 12.21 for all q G [1, oo) there exist 
a time T q > and a quantity Q q > 0, both depending on Do and q (and possibly larger from those in 
the previous Lemma j such that, for all t > T > T q , 

N*)ll£««n + / + K*)llz&.«n ds < Q q , (3.40) 



J \\u{s)\\ q + 2 q+Hn) ds<Q q + Q q (t - T). (3.41) 

Proof. Note that we already know the bound of the first term in (|3.40| for q = 6 thanks to (|3.20|) 
and the continuous embedding V C L 6 (fl). Then, we proceed essentially as in the Third estimate, 
i.e., for a generic q > 6, we multiply (|2.5[) by 1 — u q+1 . In place of p. lip , we get 

so that, estimating the right hand side as in (|3.12p . we infer 

l q + c||u||*t, 2 + 6 (0) < cq + q 2 mZ q , where Z q := J (u q + q-d) (3.43) 



5* 



and m is as in p,14p (possibly for a different value of C2). At this point, noticing that the exponents 
are even better than in (|3.22p , the proof can be completed by mimicking the arguments in the Sixth 
estimate and in the proof of Lemma [ 



Lemma 3.4. Under the assumptions of Theorem 12.21 there exist a time T* and a quantity Q*, both 
depending on Do, such that, for all t > T*, 

l|Xt(*)lli»«/.(n)<Q*- (3-44) 

Proof. The exponent 24/5 in (|3.44p is chosen just for later convenience. In fact, (|3.44p can be 
proved for any exponent strictly smaller than 6. Differentiating in time (|2.6p . we have 



X tt + BX t = <P := -W"(X)X t + J (3.45) 

and we claim that, for any v £ (0, 1), we can choose T„ > and Q v > 0, both depending only on Do 
and v, such that 

' ~ \Ms)\\ 2 H -„ (n) d S <Q(D ). (3.46) 

Actually, recalling (|3.20p and applying standard regularity results to (|2.6p (seen here as a time- 
dependent family of elliptic equations) , it follows that 

l|X(t)||H»(n) < Q(Po) for all t > T . (3.47) 
Thus, by f2~3|) . the continuous embedding H 2 {tt) C L°°(Q), and j33|, 

W" (X(s))X t ( S )\\ 2 ds < Q(B ). (3.48) 

To 
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Analogously, using the first integral bound in (|3.20J) . the bound of the first term in (|3.40p with q 
sufficiently large (depending on v), and elementary interpolation, it is not difficult to get, for some 
T' v > and Q v > 0, 



ds < Q v (Po). (3.49) 

L3 + 2v (O) 



Thus, thanks to (J33SJ), QSHS) and the continuous embedding L^+^ (Q) C //"""(ft), we see that (|3~4^|) 
holds for any T„ > T' v . Now, let us observe that, by the bound of the second integral term in (|3.20[) . 
T v e [Tl, T' v + 1] can be chosen such that 

\\MT v )\\m-, m < 4MT»)\\ 2 v < Q(Bo). (3.50) 

Then, applying the standard linear parabolic Hilbert theory to the equation (|3.45|) on the time interval 
[T u , oo ) and with the initial condition X t {T v ), and using (|3.46|) . we have (possibly for a different value 
oiQ v ) 

\\^t\\c°([T v ,oo);m-" ■(«)) + ll^t||L 2 (T„,oo;// 2 -"(n)) < Qv(Pa), (3.51) 

whence the assert follows from the continuous embedding H 1 ^^^) C L 24 / 5 (Q), which holds for v 
small enough. I 

End of proof of Theorem 12.21 We use a modified Alikakos-Moser [2] iteration scheme similar to 
that in [14] . but suitably adapted in order to obtain time regularization effects. Similar procedures 
have been proved to be effective in other recent papers, cf. [HI HI]. 

As a first step, we come back to p. lip , where the exponent p is substituted by a number g, to 
be chosen later. Since we need infinitely many iterations, now the right hand side has to be estimated 
more carefully. Namely, we have 



{^- x -l)X t < ||X t |U 2 4/ 5 (n)||^La (n) ||^|L 8 / 5(n) +c(l+||Xt|| 2 ) 

< -||Vl? ffl ^|| 2 + - + cgiQ.||i?||* a , /5(ffl + Co ) (3.52) 

where Q* is exactly the same quantity as in (13.44(1 and the constant Co depends on Do and is inde- 
pendent of qi. Thus, possibly modifying Co, in place of (|3.22j) we get 

where it is worth noting that 

W\% m < M :=1 + J n -21og^)] < \\n% i{n) +C iqi , (3.54) 
where Ci is another quantity depending only on Bo- Moreover, (|3.53[) gives 

iyi+K\\nt£-. la) <cq-Q4n^ \\n%! e +c Qqi , (3.55) 

provided that 12g,/5 — 6 > 4gj/5, which is true for all i S N if qo is large enough and we set 

5 

qi = Vi > 1. (3.56) 
The choice (|3.56p permits to rewrite (|3.55p in the form 

+ K\\n%- q ?_ 6m < cs^Q*^* IWW^-^n) + C oqi , (3.57) 
for some C3 > 0. Let us now define 

00 00 

t, := C 2 , so that t m := = / J i~ 2 < 00. (3.58) 
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Moreover, let us take as in Lemma 13.41 and set := T» + Too- We now aim to show that for 
all fixed t > the bounds (|2. 18|) — (|2. 19|) are satisfied. More precisely, we will limit ourselves to 
prove the L°°-bound of i? in (|2.18[) . Indeed, as noted in the proof of Lemma 1331 the argument to 
prove the L°°-bound of u is similar and even simpler; moreover, the ^-bounds are consequence of the 
L°°-bounds and of (j3~20")k finally, (|2~P9"f is already known from ((3~47| . 

Thus, we assume that t > Too is fixed and set So := t — Too, so that So > T*. We shall now 
work on the interval [t — r^jt — t^] = [So, So + 2too]. Using Lemma 13.21 we can also assume qo as 
large as we want, so that there exists a quantity Rq, depending only on Do and on the choice of Too, 
such that the bound 

l|yo|U-(s ,.) + K f l|0||*»«-« ( n) < fl o, (3.59) 

J So 

where 34) is defined as in (|3.54|) with i = 0, holds uniformly w.r.t. s G [So, So + 2-Too]. Thus, taking 
i = 1, integrating (|3.57p in time over (Si, s), where Si € [So, So + n] = [So, So + 1] will be chosen 
later and s is a generic point in [Si, So + 2too] so that s — Si < 2^, we have 

Ms) + « / \\n%^-e (n) < yi(Si) + -(-) q 2 Q*K { 590 } + 3 C gb(2T 00 ) (3.60) 

and we notice that also the first term on the right hand side can be estimated. Indeed, by the latter 
of (|3.59p . Si G [Sq, So + t{\ can be chosen such that 



||^(Si)||*7 ( % < - / MlVjn) < c~ / \\n%^- B( n) < = c,R , (3.61) 



"So+tx rSo+Tx 

< / 

T l JSo r l JSo 

for some C4 > 0. We used that n = 1. Recalling (|3.54p , as a consequence we obtain 



yi(St) < \MSi)\\« Hn) +q 1 C 1 < (c^y^ 2 + pod = ( C4 i?o) f ^ + \q C x . (3.62) 
Then, setting for i > 



5^ + 8 

% := > — (3.63) 

qi-2 bq t 



and collecting (|3.60[) - (|3.62p . we obtain that for all s£ [Si, So + 2too], 

y x {s) + k jf \\n q L V qi \ m < r! V ° (cj"° + §^3?Q.) + ^0(2^0, + C x ) =: i?L (3.64) 

At this point we can proceed by iteration and observe that, as the procedure is repeated, the main 
modification comes from a term t^ 1 = i 2 additionally appearing on the right hand side of the i- 
analogue of (|3.61[) . Suitably modifying the procedure, (|3.64p takes the new form 

HttlU-CS,,.) + « / \W\\%?-e m <Ri, Vse [Si, So + 2roo], (3.65) 

where we point out that k, which comes from (|3.57p and, in fact, from (|3 . 22(1 . is independent of i. 
Moreover, Si is a suitable point in [Si-\, Si_i + r»] and Ri is given by 

Ri = 1 ((C4i 2 )*" i - 1 + QY^QoQ*) + (|) i «b(2r oo C + d) 

< ((^ji*-* + (|) =: A^lT 1 , (3.66) 

for some if > depending on Do an d the choice of Too, and independent of i. Consequently, Ri is 
estimated in terms of i?o by 

Ri < R^^^A^r 1 ^"'^ 2 ■■■ = R^ yU ^o 7 ' k f[Af'" UlrJ ^ k , (3.67) 

3=1 
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where it is intended that the latter productory is 1 in the case j = i. Passing to the logarithm and 
observing that 

oo 

n Vk < oo, (3.68) 

fc=i 

it is then easy to verify that 

limsupi?f = limsupi?,^ "° < Q(B ) < oo. (3.69) 

Thus, coming back to Q3.67p . recalling (|3.54p . and noting that the sequence Si converges to a point 
^oo such that So < < t = So + Too < Sq + , we finally infer that 

limsup||tf(s)|| L « ( n) <limsupEf < Q(B ) Vs G [£„,, S + 2t«,]. (3.70) 

i oc 

In particular, this holds for s = t and it is worth remarking once more that the latter quantity Q(Bo) is 
independent of t G [T* + , oo] . Actually, it depends on time only through the choice of the sequence 
Ti, and not on the choice of So > T», i.e., of t. The proof of the first of (|2.18|) and of the Theorem is 
complete. I 

Proof of Theorem 12.41 We start noticing that £, defined in (|2.7[) . is a Liapounov functional for 
Problem (P). Namely, the following conditions (cf., e.g., [31 Sec. 5]) hold: 

(LI) £ is continuous on X (recall (12.13|) ): 

(L2) £ is nonincreasing along solution trajectories; 

(L3) if S(t)w = w for some t > and w G X, then w belongs to the set Eo of equilibrium points of 
the semigroup (and consequently it identifies a stationary solution). 

Indeed, (LI) is obvious since X is endowed with the metric (|2.15[) ; (L2) is a simple consequence of the 
energy equality (|3.3[) ; finally, (L3) still follows from (|3.3p by noticing that if X t = and i)^ 1 = 1 then 
it is also i?t = by comparison in (|2.5j) . It is worth remarking that w = X) G X is a stationary 
point of S(-) if and only if i? = 1 in fi and X solves 

BX + W'{X) = 0, in y'. (3.71) 

It is well-known that, due to nonconvexity of W, (|3.71|) can have infinitely many solutions, so that 
the structure of w-limits of solutions to (P) and, a fortiori, of attractors, is nontrivial. Nevertheless, 
by maximum principle arguments and standard elliptic regularity theorems (cf., e.g., pQ), it is easy 
to prove that the projection of Eo on the second component X is bounded at least in W 2 '^(0) for all 
£ G [l,oo) (actually, using bootstrap arguments, more could be said depending on the smoothness of 
W, but we are not interested in maximal regularity here). 

Thus, let Bq be the neighbourhood of Eo of radius 1 in the metric of X. Then, a simple and 
direct contradiction argument (cf. [31 Thm. 5.1]) shows that Bo is pointwise absorbing for S(-), i.e., 
given a solution w to (P) with initial datum in X, there exists a time T w such that w(t) 6 Bq for 
all t > T w . Thus, being S(-) asymptotically compact (i.e., S(-) eventually maps ,Y-bounded sets of 
initial data into relatively compact sets) thanks to (|2.18p ~- (l2.19p , we deduce existence of the global 
attractor A by means, e.g., of [31 Thm. 3.3]. 

To complete the proof, we have to show that (|2.20p holds. To do this, it suffices to notice 
that, as a consequence of the existence of A, S(-) admits a ^-bounded and uniformly absorbing set 
B\. Namely, for every ^-bounded set B there exists Tb such that S(t)B C B\ for all t > Tg. We 
then notice that, by Theorem l2.2[ for sufficiently large t, S(t) maps B\ into a set Bi which is bounded 
in the same sense as (I2.20p . Thus, Bi is absorbing because B\ is absorbing, and, consequently, the 
bound (|2.20p holds also for the attractor A which is the w-limit of £?2. The proof is concluded. I 

Proof of Theorem 12.51 Let us recall the basic uniqueness estimate for system (|2.5p ~ (|2.6p . Let 

(di,Xi), i = 1,2, be a couple of solutions to (P) and set (i?,X) := ($i,Xi) — ($2>^2)- Set also 
ej := #i + Xj, i = 1, 2, and e := e\ — e2 (the new variable has the physical meaning of enthalpy). Write 
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the differences of (|2.5j) and (|2.6|) for i = 1,2 and test them, respectively, by A 1 e and by X. Taking 
the sum, noting that two terms cancel, and using (12. 4|) . we then obtain 

^(l|e|lH- 1( n) + M 2 ) + 2 ^ ( - ^ + + 2||X|| 2 V < 2X\\X\\%. (3.72) 

Now, let us restrict ourselves to consider only initial data lying in a suitable absorbing set. 
Namely, we take the absorbing set B 2 defined above and set 

B 3 := {Ut> T2 S(t)B 2 }, (3.73) 

where T 2 > is such that B 2 absorbs itself for t > T 2 and we have taken what we will call the 
sequential weak star closure in W. Namely, we define the set W as 

W := {(#, X) £ {V n L°°(0)) x H 2 (n) : ?? > a.e., and u = r 1 e^n L°°(fi)} (3.74) 

and we intend that a point w = X) belongs to S3 iff there exist two sequences {w n } — {(fin, X n )} C 
B 2 and {i n } C [T2,oo) such that, as n f 00, S(t n )w n =: ("& n (t n ), X n (t n )) satisfies 

t?n(*n) -> i?, ^rT 1 ^) -» weakly-* in VnL°°(f7) and X n (t n ) -> X, weakly in H 2 (Q). (3.75) 

Of course, this weak star convergence of W is associated to a suitable (Hausdorff) topology, which 
we note as the "weak star topology", or simply the "topology" of W. Instead, when we speak, e.g., 
of the (H x V^)-norm of an element w — X) £ W, we will just mean (\\i9\\ 2 + HXH^) 1 ' 2 so that we 
are neglecting, in fact, the behavior of u = d^ 1 . Thus, the generic element of W is seen just as a 
couple; however, the "weak star convergence" defined in (|3.75p and the related topology take also the 
additional variable u into account. 

Next, it is worth noticing that, by construction, B3 is positively invariant (i.e. S(t)B3 C B3 
for all t > 0), sequentially weakly star closed in W, and contained in the W-sequential weak star 
closure of B 2 , so that, in particular, there holds (cf. (|2.18[) - (|2.19[) ) 

||i? _1 |kni-(n) + \\X\\H»(a) < c 3 (3.76) 
for all (1?, X) £ B3 and for some constant C3 > 0. Consequently, we have 

2^(-^ + ^)tf>c 5 ||tf|| 2 VVell^Bs). (3.77) 

where IT is the projection on the first component and C5 suitably depends on C3. 

We now refer to the so-called method of ^-trajectories (cf. [El [191 EH1 EI]). To do this, let 
us take I > and define the set We of ^-trajectories of (P) simply as the set of the solutions whose 
initial datum lies in B3, restricted to the time interval (0,^). Thus, as before, solutions are seen as 
couples (i?,X) and the behavior of u = i?" 1 is not considered; nevertheless, since the elements of We 
take values in B3 (recall that B3 is positively invariant), they satisfy ()3.76p uniformly in time. The 
set We is endowed with the norm of L 2 (0, i; H x V) (the reason for a choice of such a weak metric is 
in estimate (|3.72[) ). Let us notice, however, that, if {w n } C We tends to some limit w (strongly) in 
L 2 (Q, t; H X V), then also w lies in We (in other words, We is complete in the chosen metric). Indeed, 
by construction, for all n there holds 

w Q .n := w n (0) = lim S(t%)w% n , where Wq n £ B 2 , (3.78) 

k — >oo ' 

ij? > T 2 for all k and n, and the limit is intended in the topology of W (cf. (|3.75p ). In particular, 
both the above fc-limit and the n-limit u>o, n - * wq (the latter thanks to (13.76P ) hold in X, which is a 
metric space. Thus, we can extract a diagonal subsequence such that 

lim S(t%)w k % - wo := w(0), in X (3.79) 

and, again by uniform validity of (|3.76[) . weakly star in W. This means that wq £ B3 and w £ We, as 
desired. 
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Let us now integrate (|3.72j) over (t, 21), where r is a generic point in [0, £]. We then get 

,21 

IH2^- 1(0) + ||X(2^)|| 2 + J ( C5 || l ?( S )|| 2 + 2||X( S )|| 2 y )d S 

<\\e(r)\\^ 1{n) + \\X(r)r + 2\ J \\X(s)\\ 2 ds. (3.80) 
Integrating the above relation with respect to r £ (0,£), we obtain 

^||e(2l)|||_ 1(n) + £\\X(2£)\\ 2 + £ / ( C5 ||tf( S )|| 2 + 2\\X(s)\\ 2 v ) d f 



< 



C6{\\V(T)\\H- H n) + l|X(r)|| a ) dr + 2A£ / ||X( S )|| 2 ds. (3.81) 



s 

2/ 



Now, let us use the following straighforward fact (see, e.g., pjH Lemma 3.2]): 

Lemma 3.5. Let Ti. be a Hilbert space and W a Banach space such that Ti is compactly embedded 
into W. Then, for any 7 > there exist a finite-dimensional orthonormal projector P : Ti — > Ti and 
a positive constant k, both depending on 7 and such that, for all z ETi, 

\\z\\ 2 w < 7 \\z\\ 2 n + k\\Pz\\ 2 H .t (3-82) 

We apply here the Lemma to z — X with Ti = V and W = H and to z = d with Ti = H and 
W = Vq = H^ 1 ^). Then, introducing the time shift operator £, given by C : v(-) 1— > v(- + £) (where 
v is a generic function of time), and dividing (|3.81j) by £, we obtain 

<%\\cm H0AH) + 2\\cx\\ 2 L2{0AV) < cd^iwm^H) + iixin 2(0/ . v) ) 

+ 2 7 A(||£X||| 2(0An + \\X\\l H0/ . v) ) + 2kX(\\PCX\\l 2{QAV) + \\PX\\l 2{0AV) ), (3.83) 
whence, recalling the notation w := (??, X) and rearranging, 
min{c 5 ,2- 2 7 A}||/:w|| 2 2 (0AjFfx y ) 

< (f + 27A) \\w\\ 2 L2{QAHxV) + c(\\Pw\\ 2 L2{0AHxV) + \\PCw\\ 2 L2{0AHxV) ), (3.84) 

where c depends on j,X,£ and all the other constants. Being not restrictive to assume C5 < 1, it is 
clear that we can divide the above by C5 and choose £ large enough and 7 small enough to obtain 
(clearly for a different value of c) 

\\£ w \\h(0.£-MxV) < \\\ w \\h(0,e;HxV) + K\\ Pw Wl>(0,i;HxV) + \\ PCw \\h(0AHxV))- ( 3 - 85 ) 

Consequently, the semigroup S(-) enjoys the generalized squeezing property introduced in [191 Def. 3.1] 
on the set B3. Recalling Lemma 2.2], we then infer that the discrete dynamical system on Wi 
generated by C admits an exponential attractor .Mdiscr- 

To conclude, we have to prove that, in fact, we can build the exponential attractor for the 
original semigroup S. Here, however, we have to pass from the H x V to the weaker Vq x iJ-topology 
(we recall that V ' = i/ -1 (£!)). Actually, we can observe that the following properties hold: 

(Ml) The evaluation map e : Wg — ► V ' x H given by e : w 1— » w{£) is Lipschitz continuous. To see 
this, it suffices to multiply ()3.72|) by t and integrate in dt between and £. Notice that, more precisely, 
Lipschitz continuity still holds as We is endowed with the weaker L 2 (0,£;V ' x 77)-norm; 

(M2) The map S(t) is uniformly Lipschitz continuous on [0, £] in the sense that 

\\S(t)wi - S(t)w 2 \\ H -i(n)xH < c(l)\\wi - w 2 \\ H -i(n)xH, \/w 1 ,w 2 eB a and Vt e [0,^]. (3.86) 
This is easily shown by integrating once more (I3.72| over (0, t) and using the Gronwall Lemma. 
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(M3) For each solution w € We and all < s < t < £, by interpolation there holds 



\\w(t) - w(s)\\ 2 HxV < \\w(t) - w(s)\\ H i {n)xH 2 {n) \\w(t) -w(s)\\ H -i (n)xH 
<C I \\w t (T)\\ H - 1{n)x „ dr <C\t-s\^ 2 , 



(3.87) 



where the constants C depend on the "radius" of B3 in W (i.e. on C3, cf. (j3. 76[) ) and the latter estimate 
is a consequence of the regularity properties (|2.10|) - (12.12|) . Thus, ^-trajectories in We are uniformly 
Holder continuous in time (notice that this even holds in the H x F-norm). Then, properties (Ml)- 
(M3) allow us to apply, e.g., [TBI Thm. 2.6], which states that there exists a set M which is compact 
and has finite fractal dimension in Vq X H , is positively invariant, and exponentially attracts B3. 
Setting M := M fl B3, of course M satisfies the same properties of M and, additionally, is bounded 
in W (in the sense of (|3.76|) ) and therefore compact in X. To conclude the proof of Theorem 12.51 
we have to show that M. attracts exponentially fast any bounded B C X. Actually, this is true 
since B3 is uniformly absorbing (so that it exponentially attracts B) and one can use the contractive 
estimate (I3.72[) and the transitivity property of exponential attraction proved in Thm. 5.1]. Notice 
in particular that the constant k in (|2.21j) can be taken independent of B since A on the right hand 
side of (j3~72]) is also independent of B (cf. (5.1)]). 

Remark 3.6. We can see that exponential attraction still holds in the (stronger) V Q ' x U-norm. This 
requires to show (Ml) and (M2) with respect to that topology. To do this, we can write the difference 
of (|2.6[) and test it by X t — Xi t t — %2,t- Standard manipulations then lead to 



where $ = — #2 and C7 depends on the "W-radius" of B3. Then, multiplying (|3.88p by C5/2C7 (C5 
being as in (|3.77[l ) and summing to (|3.72|) . we get a contractive estimate in the desired topology. On 
the contrary, at least in the three-dimensional case, it seems more difficult to obtain an iJ-contraction 
estimate for $ (i.e. to pass to the H x F-norm). Actually one could test the difference of (|2.5| by <&. 
However, even knowing the boundedness (|3.76p , getting a control of the term involving the Laplacean 
seems out of reach. 

References 

[1] S. Agmon, A. Doughs, and L. Nircnberg, Estimates near the boundary for solutions of elliptic 
partial differential equations satisfying general boundary conditions. J., Comm. Pure Appl. Math., 
12 (1959), 623-727. 

[2] N.D. Alikakos, LP bounds of solutions of reaction-diffusion equations, Comm. Partial Differential 
Equations, 4 (1979), 827-868. 

[3] J.M. Ball, Continuity properties and global attractors of generalized semiflows and the Navier- 
Stokes equations, J. Nonlinear Sci., 7 (1997), 475-502. 

[4] P. Colli, G. Gilardi, E. Rocca, and G. Schimperna, On a Penrose-Fife phase-field model with non- 
homogeneous Neumann boundary conditions for the temperature, Differential Integral Equations, 
17 (2004), 511-534. 

[5] P. Colli and Ph. Laurencot, Weak solutions to the Penrose-Fife phase held model for a class of 
admissible heat Bux laws, Phys. D, 111 (1998), 311 334. 

[6] P. Colli, Ph. Laurengot, and J. Sprekels, Global solution to the Penrose-Fife phase held model 
with special heat fiux laws, Variations of domain and free-boundary problems in solid mechanics 
(Paris, 1997), 181-188, Solid Mech. Appl., 66, Kluwer Acad. Publ., Dordrecht, 1999. 

[7] P. Colli and P. Plotnikov, Global solution to a quasistationary Penrose-Fife model, Indiana Univ. 
Math. J., 54 (2005), 349-382. 




(3.88) 



15 



[8] M. Efendicv and S. Zelik, Finite dimensional attractors and exponential attractors for degenerate 
doubly nonlinear equations, preprint. 

[9] P. Fabrie, C. Galusinski, A. Miranville, and S. Zclik, Uniform exponential attractors for a singu- 
larly perturbed damped wave equation. Partial differential equations and applications. Discrete 
Contin. Dyn. Syst., 10 (2004), 211-238. 

[10] E. Feireisl and G. Schimpcrna, Large time behavior of solutions to Penrose-Fife phase change 
models, Math. Methods Appl. Sci., 28 (2005), 2117-2132. 

[11] G. Gilardi and A. Marson, On a Penrose-Fife type system with Dirichlet boundary conditions for 
the temperature, Math. Methods Appl. Sci., 26 (2003), 1303-1325. 

[12] A. Ito and N. Kcnmochi, Inertia! set for a phase transition model of Penrose-Fife type, Adv. 
Math. Sci. Appl., 10 (2000), 353-374 (Correction: Adv. Math. Sci. Appl., 11 (2001), 481). 

[13] N. Kenmochi and M. Kubo, Weak solutions of nonlinear systems for non-isothermal phase tran- 
sitions, Adv. Math. Sci. Appl., 9 (1999), 499-521. 

[14] Ph. Laurengot, Solutions to a Penrose-Fife model of phase-held type, J. Math. Anal. Appl., 185 
(1994), 262-274. 

[15] Ph. Laurengot, Weak solutions to a Penrose-Fife model with Fourier law for the temperature, 
J. Math. Anal. Appl., 219 (1998), 331-343. 

[16] J. Malek and D. Prazak, Large time behavior via the method of i-trajectories, J. Differential 
Equations, 181 (2002), 243-279. 

[17] O. Penrose and P. C. Fife, Thermodynamically consistent models of phase-Geld type for the 
kinetics of phase transitions, Phys. D, 43 (1990), 44-62. 

[18] O. Penrose and P. C. Fife, On the relation between the standard phase-Geld model and a "ther- 
modynamically consistent" phase-Geld model, Phys. D, 69 (1993), 107-113. 

[19] D. Prazak, On Gnite fractal dimension of the global attractor for the wave equation with nonlinear 
damping, J. Dynam. Differential Equations, 14 (2002), 763-776. 

[20] D. Prazak, A necessary and sufficient condition for the existence of an exponential attractor, 
Cent. Eur. J. Math., 1 (2003), 411-417 (electronic). 

[21] D. Prazak, On the dimension of the attractor for the wave equation with nonlinear damping, 
Commun. Pure Appl. Anal., 4 (2005), 165-174. 

[22] E. Rocca and G. Schimperna, Universal attractor for some singular phase transition systems, 
Phys. D, 192 (2004), 279-307. 

[23] E. Rocca and G. Schimperna, Universal attractor for a Penrose-Fife system with special heat Gux 
law, Mediterr. J. Math., 1 (2004), 109-121. 

[24] R. Rossi, A. Segatti, and U. Stefanelli, Attractors for gradient Gows of non convex functionals 
and applications, Arch. Rational Mcch. Anal., 187 (2008), 91-135. 

[25] G. Schimperna and A. Segatti, Attractors for the semiGow associated with a class of doubly 
nonlinear parabolic equations, Asymptotic Anal., to appear. 

[26] A. Segatti, Global attractor for a class of doubly nonlinear abstract evolution equations, Discrete 
Contin. Dyn. Syst., 14 (2006), 801-820. 

[27] W. Shen and S. Zheng, Maximal attractors for the phase-Geld equations of Penrose-Fife type, 
Appl. Math. Lett., 15 (2002), 1019-1023. 

[28] W. Shen and S. Zheng, Maximal attractor for the coupled Cahn-Hilliard equations, Nonlinear 
Anal., 49 (2002), Scr. A: Theory Methods, 21-34. 



16 



[29] J. Sprekels and S. Zheng, Global smooth solutions to a thermodynamically consistent model of 
phase-Geld type in higher space dimensions, J. Math. Anal. Appl., 176 (1993), 200-223. 

[30] R. Tcmam, "Infinite Dimensional Dynamical Systems in Mechanics and Physics" , Springer- 
Verlag, New York, 1988. 



Author's address: 

Giulio Schimperna 

Dipartimento di Matematica, Universita degli Studi di Pavia 
Via Ferrata, 1, 1-27100 Pavia, Italy 
E-mail: giusch04@unipv.it 



17 



